In a recent experiment, Zhang and co-workers found that a flexible filament in a flowing soap film can exhibit three states; stretched-straight, flapping, and bistability. When this experimental model is regarded as a one-dimensional flag in a two-dimensional fluid flow, their findings contradict the common idea that flags always flap in a wind. In this paper, the flag-in-wind problem is simulated by fluid-structure interaction finite element analysis where Navier-Stokes equations based on the ALE method are strongly coupled with Lagrangian equilibrium equations of the structure. In the simulation the three states are successfully reproduced, and the effects of some representative parameters on the amplitude and frequency of the oscillations are investigated to reveal the underlying mechanism involved in flag flapping.
Fluid-Structure Interaction Analysis of a Two-Dimensional Flag-in-Wind Problem by the ALE Finite Element Method

Introduction
Zhang et al. (1) experimentally studied the dynamics of flexible filaments in a flowing soap film as a twodimensional model of flag-in-wind problems. Their experiments revealed that a single filament placed in the flowing soap film can develop two stable dynamical states depending on the length of the filament. The first is a sustained flapping state; whereas, the second is a stretched-straight state: the filament does not flap and keeps aligned with the flow direction. They reported that the stretched state takes place when the length of the filament is sufficiently short, and that sustained flapping occurs when the length is longer. At the same time, they found that filaments of a particular length exhibit bistability between the two states, which means that the filament can settle into either state depending on the magnitude of the external perturbations. Their achievements in the experiment have been greatly admired and indeed explode the common belief that flags or filaments always develop a flapping state owing to the Kelvin-Hermholtz instability (2) .
Zhu and Peskin (3) numerically studied the experimental observations of Zhang et al., where analogous two-dimensional problems are simulated by an immersed boundary method. Their simulations revealed that massless filaments always approach the stretched-straight state regardless of the magnitude of externally imposed perturbations.
In this paper, we investigate the dynamics of the problem in further detail, using our simulation technique for fluid-structure interaction (FSI) problems: an interfacetracking ALE finite element method developed by Zhang and Hisada (4) - (6) . This computational approach enables us not only to carry out idealized numerical experiments, but also to evaluate one by one the effects on the problem of many conceivable factors. Therefore, this is a powerful tool to investigate what are essential to the two stable states and a state of their bistability.
As far as we can determine, there are no other reports of numerical simulations of problems of this kind. The flag-in-wind problem, we think, is still regarded as one of the most challenging problems in the field of computational mechanics. We are convinced that the simulation data presented in this study will become standard data for the various FSI simulation techniques already proposed and for those that will be presented in future decades.
Computational Method
Our computation technique for FSI problems is a fluid-structure strongly-coupled finite element method allied with an interface-tracking ALE mesh technique. In this method, moving interfaces and boundary layers are fully resolved by the interface-tracking mesh, and the coupling conditions between fluid and structures are fully imposed in the computations. These properties result in the major merits of the method, bringing high stability and accuracy to the computation. In Ref. (4) , it is shown that this method is applicable to FSI problems including buckling behaviors of a thin membrane.
In the subsections below, we describe an outline of the method. For further details, see Refs. (4) -(6).
1 Governing equations for FSI problems
In our method, domains of structures v s are described in a Lagrangian method, while fluid domains v f are described in an arbitrary Lagrangian-Eulerian (ALE) method to track their moving interfaces.
The fluid flows are assumed to be governed by Eqs. (1) and (2): Eq. (1) is for the slight-compressibility constraints into which a constitutive equation for isothermal barotropic flows is already substituted, and Eq. (2) is the Navier-Stokes equation where we use a constitutive equation of Newtonian fluids. On the other hand, the deformations of the structure are governed by Eq. (3) with a constitutive equation of Saint-Venant's elastic bodies.
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where the ALE and Lagrangian time derivatives are distinguished by ∂/∂t| χ and ∂/∂t| X , respectively. u and p are the fluid velocities and pressures, respectively, while u the displacements of the structure. c is the ALE convective velocity identical to u −û whereû is the velocity of the ALE coordinates χ. T is the Cauchy stress tensor, and g the gravitational acceleration. The mass density of the fluid and structure are distinguished by ρ f and ρ s . B is the bulk modulus of the fluid. The −λu of Eq. (2) represents the air resistance forces acting on the flowing soap film from a surrounding space (3) . As to the term, we mention in section 3.1 later.
Equations (1) - (3) are coupled under the following geometrical compatibility and mechanical equilibrium conditions that are required to be satisfied on the fluidstructure interfaces s fs .
where t f and t s denotes traction forces acting on the fluid and structure interfaces respectively. Equation (4) means that the fluid-structure interfaces are dealt with as fully non-slip interfaces.
2. 2 Strongly-coupled finite element discretizations and a time integration scheme In the finite element discretizations of the above equations, Eqs. (1) and (2) are discretized with Q1Q1 (hexahedron 8-8c) elements, to which the SUPG/PSPG/LSIC stabilized formulations developed by Tezduyar et al. (7) are applied. On the other hand, Eq. (3) is discretized by the four-node MITC shell elements with finite rotational increments (8) in the framework of the total Lagrangian method. To enhance the dynamical stability of the shell element, a modified mass matrix for rotational components (9) is applied. In the interface-tracking ALE method, the fluid mesh moves to track the Lagrangian nodes of the structure, thus Eq. (4) is directly satisfied on the interfaces through the jointed nodes.
Through the finite element discretizations and linearizations, a fluid-structure strongly-coupled equation can be written in the following final matrix form.
where P, V, and U are pressure, velocity, and displacement vectors, respectively. The vectors with the superscript fs denote the freedoms of jointed nodes on the interfaces. ∅ denotes that fluid components of the vector U do not exist (U f = ∅). ∆ is used as the symbol denoting increments.
t M is the mass matrix composed of those for the fluid and the structure, t C is the secant matrix composed of the convective, viscous, and divergence terms of the fluid, t K is the tangent stiffness matrix of the shell structure, and t+∆t F and t Q are the external force and equivalent force vectors of the FSI system, respectively, and include all effects. At the same time, components from the SUPG/PSPG/LSIC stabilization methods (7) are added to the matrices of fluid.
In our time integration scheme, Eq. (6) is implicitly solved as a single system by an Newmark-β time integration method combined with a predictor-multicorrector algorithm (PMA). Its time step size ∆t is dynamically controlled in the computation to keep the iterations nearly fixed. As for the value of the integration parameters of the Newmark method (γ and β), we cover these in section 3.2.3 with test simulations.
In every iteration cycle in the implicit computations, ALE meshes are controlled to follow the moving interfaces by solving the boundary value problems of a linear elasticity where the fluid-shell coupled displacements U fs are specified as given displacements. Figure 1 shows the laboratory set-up for the experiments of Zhang et al. (1) In the experiments, a flexible filament of 2 -6 cm long is introduced at a fixed location in a vertical soap film flowing down at a nearly fixed flow speed of 2.80 m/s. The experimental system is used as a model for one-dimensional flags in a two-dimensional laminar flow. In this paper, we simulate the experiments as two-dimensional ones, but the simulations are performed with one layer of three-dimensional finite elements whose depth-direction freedoms are constrained to be zero.
Numerical Simulations
1 Definition of the problem
The experimental filament, with mass-per-length, diameter, and bending rigidity of 2.0 × 10 −5 kg/m, 0.15 mm, and 0.01 Pa cm 4 , respectively, is modeled as a shell structure that has a rectangular cross-section. The thickness and depth-direction width are set to 0.130 mm and 0.136 mm respectively so that its cross-sectional area and moment of inertia of the area become equal to those of the filament. In similar ways, the mass density and Young's modulus of the shell are respectively set to 1.132 × 10 3 kg/m 3 and 4.024 MPa so that its mass-perlength and bending rigidity become equal to those of the filament. The mass density, bulk modulus, and viscosity of the present soap solution are selected as 1 × 10 3 kg/m 3 , 2.18 GPa, and 0.12 Pa s, respectively. The density and the modulus are the properties of ordinary water, while the viscosity is the value that has been experimentally evaluated by Martin et al. (10) soap film (1) . U: soap solution container, V: stopcock and nozzle, S: two nylon treads, F: silk filament, D: soap solution receiver the flowing soap film, the falling velocity reaches a terminal value (about 2.80 m/s) within the upstream of the filament owing to the air drag from a surrounding space, and that its profile is nearly flat over 65% of the span about the midline. To reproduce the experimental flow in our simulations, we specify an inflow velocity with a flat profile on the 65% of the span of the upper boundary (I-I); that is, the rest of the boundary near the right and left boundaries (I-O where non-slip velocity conditions are specified) are traction-free inflows. Further, the lower boundary (O-O) is a traction-free outflow. The magnitude of the air-resistance coefficient of Eq. (2) is determined by λ = ρ f |g|/|ū| to obtain steady falling flows balanced with gravity forces, whereū is the inflow velocity. The air drag originally acts as a surface force; however, in the present two-dimensional simulations we deal with it as a body force following the precedent of Zhu and Peskin (3) . In addition, artificial disturbances which stimulate displacements of the filament are not added into the simulations. But if the dynamical stretched-straight state is simulated in the situation, we check whether or not the filament can settle into a sustained flapping state by means of applying a sufficiently large displacement at the lower end of the filament.
For the finite element mesh generations, the filament is divided into shell elements perpendicular to the soap film under a rule of one element per 1.0 mm for all lengths. The soap film is always divided into 60 Q1Q1 elements in the width-direction (I-I); on the other hand the divisions of the height-direction (I-O) are changed according to the length of the filament: from 109 elements for 2.0 cm filament to 131 elements for 6.0 cm filament. The finite element mesh is shown in Fig. 2 for the 3.0 cm long filament. As shown in the figure, the fluid mesh becomes very fine around the filament. Spatial convergences of the mesh are 
2 Three test simulations 2. 1 Comparison with simulations of Zhu and Peskin
Zhu and Peskin (3) have already reported twodimensional simulations of the filament-in-soap film problem. The computational technique used there was an immersed boundary (IB) method. In their study, the mass density of the filament is changed incrementally from zero to five times as large as the experimental value for the two simulation cases: one with a filament length of 2.0 cm and an inflow velocity of 2.00 m/s, the other with a filament length of 3.0 cm and an inflow velocity of 2.80 m/s. The latter case is closer to the experiment of Zhang et al., but they increased the viscosity of the soap film to 0.40 Pa s in the simulations to prevent numerical instabilities of the IB method. Their main conclusion is that massless filaments cannot sustain flapping and always approach to the stretched-straight state.
In this section, we simulate the above two problems to compare results with the simulations of Zhu and Peskin. But, in their simulations, inflow velocities are specified on the full span of the upper boundary (I-I); therefore, here we show the simulation results of both the full span type and the 65% span type of inflow boundary conditions (the latter is our standard).
In Fig. 3 , simulation results of the frequency and amplitude are compared to those of Zhu and Peskin for the two cases, as functions of the mass density of the filament normalized by the experimental value. But the flapping frequencies of Zhu and Peskin are described only in the case of the twice-large mass density in their paper. Our computational method failed to simulate the problem for the latter case when the normalized mass density goes beyond three (Fig. 3 (b) ), because the fluid mesh becomes too distorted to trace large deformations of the filament.
From the comparison study, we can confirm the correctness of the main conclusion of Zhu and Peskin. The simulation results are comparatively in agreement regarding the frequency; however, the amplitudes of the present results are smaller than those of Zhu and Peskin. Furthermore, the critical mass density of the present results where the bifurcation of the two states takes place is smaller than that of Zhu and Peskin. In other words, the filament can flap with a smaller mass density in our simulations. This difference can be explained as follows.
In the IB method, the excess mass density and elastic inner forces of the filament that is evaluated from a membrane bending theory are distributed onto an Eulerian uniform grid as additional external forces to the soap film flow, and the configurations of the filament are updated through the velocity interpolations of the flow; that is, the filament is represented as a spread object immersed in the flow. Accordingly, the IB method can be classified as one of the interface representative methods, in contrast to our interface-tracking method with the sharp resolutions of moving interfaces. The mass and force distributions bring about the underestimated responses of not only the elastic forces but the inertia forces of the filament together with large numerical dissipations. On the other hand, our method does not suffer from a property that directly influences the dynamic behavior of the filament. As a result, the filament in the present simulations can develop a flapping state for a smaller mass density than that of the IB method. This inference is further supported by the simulations that follow for spatial convergence tests (section 3.2.2), where the flapping amplitude shows a tendency that the flapping state gradually approaches a stretched-straight state as the finite element mesh becomes coarse.
2. 2 Test simulations for spatial convergency
Here, we show test simulations for the spatial convergences of the present finite element mesh (Fig. 2) . The conditions of the simulations for three cases are listed in Table 1 . Case 1 corresponds to the experimental conditions as a standard problem in the present studies. Cases 2 and 3 are those used in the comparison studies with Zhu and Peskin (3) (section 3.2.1, Fig. 3 (b) ). The flapping state changes to the stretched-straight state between Cases 2 and 3 with a small decrease of the mass density of the filament.
The simulation results of amplitudes and frequencies are shown in Fig. 4 . In the figure, a parameter of the mesh division ratio is introduced. This means that the finite ele- As shown in the figure, the present mesh (division ratio is 1.0) is thought to be spatially converged to exact solutions, and the stable state reproduced in the test simulations is not changed for the three cases depending on the mesh divisions; thus, this result becomes a kind of verification of the simulation results in the present study.
2. 3 Test simulations for time step sizes
In the simulations of the spatial convergence test, the problem of Case 2 (Table 1) Fig. 4 . Relative errors of the former frequency and amplitude to the latter are −0.425% and −1.11%, respectively. These differences are slight as shown in Fig. 4 . According to this result, we can conclude that the present filamentin-soap film problem is sufficiently resolved in the time direction with the former time step size, which divides one period of the flapping into about 28 steps (the latter does so into 108 steps). In this study, we use a size of about 5.00 × 10 −4 s: which corresponds to 40 steps per one period.
The parameters of the Newmark-β time integration method, γ and β, are set to 0.50 and 0.25, respectively, for fluid freedoms, while for the shell and interaction freedoms they are set to 0.54 and 0.27, respectively. The numerical dissipations introduced by the set up for the parameters are completely zero in the fluid, while they are small in the shell and interface. When the problem of Case 1 (Table 1) is simulated with the above and tentative set of γ = 0.60 and β = 0.30 for all freedoms, relative changes of the latter frequency and amplitude to the former are only −0.17% and −3.73%, respectively. The latter set introduces excessively large numerical dissipations, but the relative changes are small and its reproduced state is the same flapping state. According to this result, the numerical dissipations by the former set of γ and β are thought to be within allowable level as far as the problem is concerned, and thus we decide to use the former set throughout the present simulations. As for the integration parameters, we describe this later in section 3.5 additionally.
3 Numerical experiments
The existence of two stable dynamical states and the bistability is the main focal point of the filament-in-soap film problem. In this section, we investigate this dynamic in further detail, and the effects of the following four essential parameters on the problem are investigated to reveal the underlying mechanism of the problem.
In the numerical experiments, these four parameters are changed from the experimental conditions one by one.
A ) Mass densities of the filament: from zero to five times as large as experimental value. As the numerical data that well represents the dynamical stable states of the problem, flapping displacements at the lower end of the filament are shown in Fig. 6 for six typical cases. In particular, Fig. 6 (b) represents the damping responses to an externally imposed displacement. The frequency of the damping oscillations at the same time is plotted in Fig. 5 . As is the case of Fig. 6 (f) , if we cannot judge flapping amplitudes to be of a stable constant value, for the sake of convenience such amplitudes are plotted in Fig. 5 at the lowest point below the zero line.
Vertical velocity distributions of the flowing soap film with a 3.0 cm long filament are shown in Fig. 7 for four typical cases. In the following paragraphs, we discuss the dynamics of the filament-in-soap film problem with the simulation results.
3. 4. 1 Effects of the filament mass density From the simulation results with different mass densities (Fig. 3) , we confirm the correctness of the finding of Zhu and Peskin that the stability of the problem becomes the single stability of a stretched-straight state when the filament mass approaches zero. This property indicates that flapping phenomena of the filament are not simply stimulated by the instability of the moving boundaries in a flow, but by the flapping of the filament itself; that is, the oscillation property of the filament largely effects the definition of the stable states in the problem. Figure 3 shows that the flapping amplitude and frequency become small and large, respectively, with a decrease in the filament mass, and that there is a critical mass density where the flapping state disappears. In the present simulations, it is revealed that even when the filament is under the dynamical stretched-straight state, the filament is still slightly oscillating but that the oscillation does not increase to macro-level one (Fig. 6 (a) ). This behavior is distinctly different from that of the flapping state: the slight oscillation in an early stage gradually grows to a macro-level flapping by itself (Fig. 6 (d) ). From these observations, we can conclude that a flapping state is sustained by the inertia of the flapping filament. This conclusion is the same as that of Zhu and Peskin.
In the experiments of Zhang et al., it was observed that small vortices, which are thought to be one factor causing the slight oscillation, are shed from the lower end of the filament. But these small vortices are not reproduced clearly in the present simulations as well as Zhu and Peskin.
4. 2 Effects of the filament bending rigidity
As shown in the simulation results with different bending rigidities (Fig. 5 (a) and (b) ), all lengths of soft filaments (0.01 and 0.05 Pa cm 4 bending rigidities) exhibit only a flapping state, but the hardest filament (0.15 Pa cm 4 ) exhibits all states; a stretched-straight state appears once around the 4.0 cm length, bistabilities around 3.0 cm, and stretched states reappear for other shorter lengths. , where filament shapes corresponding to each periodic span of the length are displayed, respectively (to make it easy to see, the depth direction width of the shell elements is expanded by ten times).
Furthermore, it is revealed that the oscillation modes appearing in the flapping gradually change around the lengths where frequency-jumps take place. At the same time, Figs. 8 and 9 show that the oscillation modes become a high order with the length of the filament, and that the flapping motions consist of two fundamental modes; for example, when the second mode is observed in the flapping, the flapping motion consists of the first and second mode oscillations. The higher mode is, therefore, described in Figs. 8 and 9 as the flapping mode.
With an increase in the bending rigidity, the bifurcation of the stretched-straight and the flapping states is observed, and it is revealed that the first flapping mode always starts with the second oscillation mode. From these observations, we reached the conclusion that the flapping state does not take place when the length of the filament is not sufficient to exhibit a second mode oscillation in the flow. Thus, even if sufficiently large disturbances are externally imposed, the filament of the short length always approaches its stretched-straight state with a damping oscillation of the first mode; that is, the second mode is not observed in the flapping. Further, the reason why the bifurcation length becomes long with bending rigidity is that simultaneously the wave length of the filament becomes long.
4. 3 Effects of the inflow velocity
In the simulation results with different inflow velocities (Fig. 5 (a) and (c)), flapping frequencies and amplitudes of the 2.80 m/s flow ( Fig. 5 (a) ) are the closest to the experiment ones. This is a natural result because the velocity is the experimental one; however, they are different from the experimental observations in the dynamical stable states; that is, a flapping state takes place for all lengths in the simulations. The flapping state appears in the case of 2.10 m/s inflow. In contrast to the above two, the results at 0.70 m/s flow showed a stretched-straight state for all lengths (the plots are omitted from Fig. 5 (c) ). On the other hand, the results of 1.40 m/s are different from the others.
From Fig. 5 (a) and (c), it becomes clear that flapping frequencies have a tendency to be proportional to inflow velocities nearly regardless of the length of the filament.
At the same time, the above-mentioned periodical changes and mode-shifting behaviors are observed as well as experiment (B). This result shows that, under a fixed inflow velocity, the filament has a mechanism to maintain its flapping frequency by shifting flapping modes according to the length. In other words, the filament cannot develop a common flapping mode for every length under the fixed The occurrence of the mode-shifting indicates that the stability of the problem depends on whether the resonances between the flapping filament and the flowing soap film occur or not. As shown in Fig. 5 (c) of 1.40 m/s inflow velocity, stretched-straight states periodically appeared at the mode-shifting lengths where a frequency-jump takes place, and bistabilities were generated in the neighboring lengths. This sensitive response is also shown in Fig. 6 (a) , (b), (c), and (d). On the other hand, in the case of 2.10 m/s, the amplitude at the mode-shifting lengths becomes unstable as shown in Fig. 6 (f) . This unstable response is distinctly different from the stable response of Fig. 6 (e) . So, we can conclude that the state is the most stable when the resonance occurs; whereas, at the mode-shifting lengths, the state becomes either unstable flapping or stretchedstraight states.
4. 4 Effects of the soap film viscosity
As shown in the simulation results with different soap film viscosities ( Fig. 5 (d) ), the periodic responses of the amplitude weaken with an increase in viscosity. On the other hand, that of frequency is still clearly observed, and the mode-shifting takes place together with the frequency jump. However, the growth of oscillations in the flapping state becomes slow with the increase in viscosity, so it is becomes difficult to judge whether the developing states is a flapping or a stretched-straight state. This tendency is most clear at the mode-shifting lengths. Hence, it is thought that the changes in fluid forces acting on the filament are sensitive to slight differences in the length of the filament. This change determines whether the forces act as a flapping lift-force or a damping drag-force. This character affects on the stability of the problem.
Next, in Fig. 7 (c) and (d) the filament responses are compared under the same Reynolds number of flow. The inflow velocity and the viscosity are prescribed to be 1.40 m/s and 0.12 Pa s, respectively, in Fig. 7 (c) , while they are 2.80 m/s and 0.24 Pa s, respectively, in Fig. 7 (d) . Although the Reynolds numbers are both 350 (taking the filament length as the representative length), they show quite different responses; that is, the former shows bistability and the latter a stable flapping state. Moreover, the flapping amplitudes and the frequencies are totally different from each other. This may be a matter of course, but the present numerical example just demonstrates the fact that the Reynolds number cannot be a measure of filament response. Accordingly, the Reynolds number of flow does not play an important role in representing a FSI problem. The diameter of the experimental filament (0.15 mm) is much larger than the thickness of the soap film (about 3.0 µm), so the actual problem involves three-dimensional behavior particularly in the vicinity of the filament. The adhesion and permeation of the soap solution to the filament brings about not only increases in the mass density and rigidity but also increase in the structural damping. The actual soap film has more or less elastic responses of surface tensions, and also the hanging point of the filament has more or less friction forces. However, these factors are not included in the present simulations. Further, the exact viscosity of the experimental soap film is not clear in the references, and the present numerical simulations retain the possibility that the actual soap film flow is not reproduced by the present inflow boundary conditions. However, we believe that the somewhat uncertain factors in the experiment and the lack of proper modeling noted above do not actually exert any essential influence on the dynamics of the filament-in-soap film problem; namely, the stretched-straight and flapping states, and their bistability are all reproduced within the present idealized modeling set-up.
As for the structural damping, from separately computed simulations where that of the Rayleigh type are included, the amplitude is largely lowered but the stable dynamical state is not changed by the damping. The time integration parameters of the Newmark method, γ and β, are selected as, respectively, 0.6 and 0.3 only for shell freedoms in order to exert excessive numerical damping on the filament. This approach resulted in little influence on the problem. On the other hand, if the same approach is applied to the fluid freedoms, comparatively larger influences are exerted on the development of the stable dynamical state; that is, the stretched-straight state becomes easily reproduced. These observations indicate that the experimental soap film has another type of viscosity besides a Newtonian one that dampens the instabilities in small scale flows. However, it is not appropriate to introduce a numerical viscosity as a physical one; therefore, we adopt the set of 0.5 and 0.25 for fluid freedoms throughout the present simulations.
Summary and Conclusions
In this paper, we studied the bistable dynamics of a flapping flexible filament in a flowing soap film by carrying out idealized numerical simulations. The system was that originally studied by Zhang et al. as a twodimensional mode for flag-in-wind problem. The bistable state means that a filament can develop dynamically both a flapping state and a not-flapping (stretched-straight) state depending on the external conditions. In particular, the present numerical experiments are constructed so as to evaluate one by one the effects of four essential parameters on the problem. The four parameters are the mass density and bending rigidity of the filament, and the inflow velocity and viscosity of the soap film.
From our results in the present studies, we arrived at five main conclusions.
( i ) Flapping phenomena of a filament in a laminar flow are not simply stimulated by the instability of the moving boundary in the flow, but are mainly stimulated by the flapping of the filament itself; that is, the oscillation properties of the filament largely effect the definition of the stable state of the problem. In particular, when the mass density of the filament approaches zero, the flapping state disappears and only the stretched-straight state is stable.
( ii ) At a fixed inflow velocity, the flapping frequency is maintained within a nearly fixed value regardless of the length of the filament. Oscillation modes appearing in the flapping change with the length so that the filament can flap with the restricted frequency.
(iii) The flapping state does not take place when the length of the filament is not adequate to exhibit the second mode oscillation. This property brings about the lowest bifurcation of the flapping and stretched-straight states at a particular critical length of the filament.
( iv ) The stability of the problem is very sensitive to the length of the filament. When the length approaches the periodical mode-shifting lengths, the system becomes unstable and has the possibility to develop either the stretched-straight or the unstable flapping states at all mode-shifting lengths.
( v ) The fluid forces acting on the filament change sensitively with a slight difference in the length of the filament. This change determines whether the forces act as a flapping or a damping force. This characteristic affects on the stability of the problem.
